In this work, a vibration-based method for damage detection at welded beams and rods is presented. The model of the structural element includes the effect of the added inertia due to the welding process. Two methods of solution, analytically and by means of the Finite Element Method (FEM), are presented. From the results obtained it can be asseverated that the method can be a useful tool to detect degradation of welded structures. In contrast to other existing methods for cracks detection, it is shown that several frequencies have to be taken into consideration to determine the wear characteristics of the welded elements, since depending on the location of welding, some frequencies can be very little sensitive to the reduction of rigidity at the welded section. The results presented show similar tendency to those obtained by other investigations for cracks detection when added inertia was not included.
simple point or mostly on several points on the structural component, and having an access to the damaged section is not required. Therefore, a method able to measure global parameters of structures that could provide information on the structural integrity from a few selected measurement points is very attractive for non-destructive testing (Smart and Chandler, (1995) ; Sohn et al., (2001) ).
When a welding section fails, or starts to fail, on an elastic structural element, the damage introduces local flexibility due to strain energy concentration. This effect has been already recognized and the idea of an equivalent spring has been used to quantify, in a macroscopic way, the relation between the applied load and the strain concentration around the welded section like in Adams et al. (1978) .
This model has also been used for fatigue damaged structural elements, and to simulate the presence of cracks. Dimarogonas, (1996) presents a review on this problem. In the case of crack detection by VBM, different approaches have been developed. In some cases, lumped models for elastic massless elements have been used (Adams et al, (1978) ; Chondros and Dimarogonas, (1980) ; Rizos and Aspragathos, (1990) ; Morassi, (2000) ; Loya et al, (2006) ; Kindova-Petrova, (2014) ), in others, a modified rigidity matrix has been employed in the Finite Element Method (Kisa, (2000) ; Saavedra et al. (1996) ) and also a model of distribution of rigidity on the beam based on fracture mechanics methods has been used ) and Chondros et al. (1998 b) ); Chondros and Labeas, (2007) ). In the problem of crack detection, not only the determination of the presence and size of the crack is important but also its location. Abdel-Mooty (2014) used a different approach to treat the identification of cracks based on the computation of the higher derivatives of structural modes for detecting the precise location of damage. Recently, the method has been applied for more complex systems like for crack detection on fluid-conveying pipes by Eslami et al (2016) and to solve the inverse problem of crack size and location based on the natural frequencies for an Euler-Bernoulli beam by Mostafa and Tawfik (2016) . However, we are only interested in determining the quality or degradation of the welded section, showing that the added mass by the welding process has to be incorporated when modelling the system in order to reproduce the welded element behavior accurately.
The purpose of this paper is then to develop a robust and cost effective monitoring system for welded structural elements. The concept has also been applied to other welded systems like the work by Yunnus et al. (2011) . After extreme events, such as earthquakes or blast loading, or due to aging and degradation resulting from operational environments, a welded section may reduce its structural properties and NDT based on vibration measurements can be a rapid condition screening to provide, in near real time, reliable information regarding the integrity of the structure. In this investigation, it is assumed that the structural element has a linear dynamic behavior before and after damage, and the detected damage is only due to the failure of the welded section. In addition, other problems due to environmental or operational conditions are assumed to not produce changes in the system response.
The model to simulate the welded section uses lumped elements. The welded is modeled as an added mass connected to the structural element by massless springs, see Figures 1 and 3 for the rod and the Euler-Bernoulli beam elements, respectively. The model allows for discontinuities in vertical displacement and rotation for the bending case, which are proportional to shear force and bending moment transmitted at the welded section as used by Loya et al. (2006) for the crack identification. The same can be applied for rotation on the torsion case. First, in section 2.1 the model is solved analytically for both structural elements. The nonlinear characteristic equation to determine the natural frequencies of the element can have, for some values of the parameters, a slow convergence. Thus, a FEM model has also been developed in section 2.2 based on the same scheme as the analytical method. The main advantage of the FEM is the ability to treat more complex boundary conditions than the analytical solution. Both methods are compared to determine the minimum number of elements of the FEM to assure convergence. From then on, only the results of the FEM are considered in section 3.
The results presented show that the method can be applied for damage detection of welded structural elements. Attention shall be drawn to two particular points: the number of natural frequencies used for the evaluation and the added inertia during the welding process. Conclusions are presented in section 4.
ANALYTICAL AND FINITE ELEMENT MODEL
As mentioned, two methods have been developed to determine the dynamic characteristics of a welded rod or beam. One is based on the analytical formulation, for the treatment of ideal boundary conditions, and the other on the Finite Element Method (FEM). The first one ends up with a highly nonlinear characteristic equation that is to be solved for any value of the different parameters involved in the model definition. This can be sometimes difficult, when regular nonlinear methods may converge very slowly. Therefore, it is used as a test method to determine the number of elements to be used in the FEM model to ensure convergence for a fix set of parameters and ideal boundary conditions. 
Analytical Model
For linear analysis, torsion and bending dynamics can be considered decoupled. Then, two elementary structures are considered in this work: a uniform rod and a uniform Euler-Bernoulli beam. The total length of the element is L and it is assumed that, at the location ^ , the element has been repaired by a welding connection.
In the case of a rod (see Figure 1) , the welding is modeled as a lumped inertia element of value I w attached to the rod by two linear mass-less springs of rigidity k^ and k 2 . In this way, the failure or degradation of the soldering on either side of the welded section can be investigated. The differential equations and the boundary conditions for the system are then: where -& w is the generalized coordinate which determines the rotation of the lumped inertia term due to the welded material, 0 1 and 8 2 are the dynamic deformation of the rod at 0 < x < 1^ and 1+ <x< L, respectively, GJ the torsion rigidity of the rod, and / the polar moment of inertia per unit length of the rod. Equations (la) to (le) should be completed with the ideal boundary conditions at the rod ends. 
where the different parameters are:
The roots of equation (2) can be obtained numerically for the unknown frequency parameter j3
(solving X) as a function of the different parameters of the problem. However, this equation results to be too stiff so convergence may be sometimes tedious since the range of the parameters, like ^ , can be very extent. Therefore, as it will be presented at section 2.2, a finite element procedure based on the same model presented in Figure 1 has been developed. We remark that the main advantage of the FEM model is that other end boundary conditions can be considered such as non-ideal boundary conditions introducing flexible supports as sketched in Figure 2 . To guaranty the convergence of the FEM model for specific values of the parameters, the results for the first four natural frequencies have been calculated as function of the number of elements NFE and compared with the results of the analytical solution. In this way, the analytical solution is used to validate the FEM model in both cases.
For the case of an Euler-Bernoulli beam in bending vibration, the model considered is illustrated in Figure 3 
and the conditions at x = l x are given by Equations (4a) to (4d). 
Wi(IT) where z m and 9 m are the generalized coordinates which determine the translation and rotation of the lumped inertia term due to the welded material, w x and w 2 are the dynamic deformation of the beam at 0 < x < £j and at l^ <x< L, respectively; EI the flexural rigidity of the beam and m the mass per unit length of the beam. These equations have to be completed with the boundary conditions at both ends of the beam. In the case of a clamped beam at both ends, the characteristic equation to determine the natural frequencies can be obtained by expansion of a determinant of order 6 (two of the constants of integration can be eliminated from the boundary conditions) that depends on the following parameters:
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Like in the previous case of the torsional rod, the resulting characteristic equation can be solved numerically to determine the natural frequencies of the system from the roots of the frequency parameter. However, for this case the numerical solution is even more cumbersome than for the rod vibration element. Therefore again, the above formulation is only used as a measure of the convergence with the number of elements of the developed FEM model, based on the system of Figure 3 . Again, the advantages of the FEM model are the ability to treat other type of end boundary conditions and to take any value of the different parameters defined before.
Finite element model for rod and the beam structural elements
Based on the classical formulation of the finite element method, see for example Petyt (1990) , the dynamic problem is formulated as
where [ M ] and [ K ] corresponds to the mass and inertia matrix of the model, and {u \ is a vector containing the nodal displacements. This formulation is general for both cases -torsion and bending.
Beginning with the torsion problem, the welded moment of inertia I w , and the stiffness's of the junctions between welding and the rod k x and k 2 , are included in the formulation through the elements in the mass matrix and stiffness matrix as
The same can be done for the bending problem, just taking into account that every node has then two degrees of freedom (vertical displacement and in-plane rotation). The resulting matrices for the bond are given by Equation (7).
The stiffness and mass matrices of the whole model are built by the assembly of the local matrices of every single element: rods/beams for the structural element, and the previous matrices to represent the welding connection. M = TT\M ., \K] = TTUf .; Vi ejbeam / rod, welding connection} (8)
After the assembly of matrices Equation (6) or (7) for the beam, the global mass and stiffness matrix, M and \K\ of the model for the torsion/beam problems are given by Equations (9a) and
where [MY is the component {l,l| of the mass matrix corresponding to the n-th element (and n = N is the last element of the left side of the rod/beam). This procedure is also applied to the stiffness matrix. It can be observed that the resulting matrices are tridiagonal. Coming back to Equation (5), one can impose a harmonic movement in order to find the eigenmodes of the structure:
T his results in an eigenvalue problem for the natural frequencies like:
where u> is the natural frequency and |<P j is the eigenvector.
The number of elements N FE has been determined by comparison of the FEM model to the analytical solution. It has been assured that the first four natural frequencies obtained by both means are close enough for a given set of parameters.
In Table 1 the evolution of the first six non-dimensional natural frequencies for a simple supported rod are calculated as a function of the number of elements for the values of the parameters A = 1, s = 0.001 and two cases of the welding stiffness's: 6 1 = 6 2 = 100 and 6 1 = 6 2 = 10000. Also the results obtained numerically from Equation (2) and stiffness's ( 6-^ = <5 2 ) of the welded bond.
In Table 2 the characteristic equation are also given for comparison. Now, it can be observed that the number of elements to achieve a negligible difference has to be between 10 and 100. From now on, the number of elements used for the analysis of this structure will be N FE = 100. The rigidity at both sides of the lumped mass was kept for this validation case equal, i.e., 6 1 = 6 2 and 6 T1 = 6 T2 . Next, based on the FEM results, a study of the influence of the different parameters on the natural frequencies of the two problems considered -the welded rod and beam structural element-will be presented. The objective is to determine how a degraded welded joint can influence on the natural frequencies of the system. Thus, by means of a vibration test, be able to estimate the degradation of the element.
Rod Structural Element: Torsional Vibrations
The parameters considered for the torsion vibrating rod are the mass parameter s, the position of the welded section A , the non-dimensional left-side spring rigidity 6 1 , and the non-dimensional right-side spring rigidity 6 2 , as defined in section 2.1. The initial values of all the parameters are such that the rod natural frequencies when welded are similar to those of the rod before damaged. Certainly, it could happen that the welded structural element has better dynamic properties (more rigidity) than the undamaged rod. This case, however, will not be considered in this paper. The parameters can be estimated as follows: In the first part of the study the mass parameter is kept to a constant value of s = 0.01 (the welding is performed using a material with a similar density to the rod and its length is about a 1% of the rod's length), meaning that the amount of welded material remains the same with respect to the mass of the rod. The influence of the change of this parameter will be taken into consideration afterwards.
In Figure 4 , the degradation of only one side of the welding -via reducing only one non-dimensional stiffness-is investigated, while keeping the other side stiffness constant. The plots show the evolution of the first four natural frequencies with the degradation of the left-side spring S t for different values of the stiffness of the right-side spring. Note that, as expected, the variation of the natural frequencies is bigger when both sides of the welding are affected.
From this figure the following conclusions can be obtained. For A = 1, welded at the center of the rod, the odd frequencies are barely affected by the degradation. Thus, methods for crack detection based on the evolution of the first natural frequency may be unreliable for these cases. Higher order frequencies are more sensitive to rigidity losses than lower order, thus while the second frequency almost remains unchanged for A = 1 and 6 2 = 250 in the range of 6 1 between , the fourth frequency has a constant value in the reduced range of , concluding then that if the vibration method is used to determine the damage of a structural element several frequencies should be taken into consideration.
For A = 2 , the odd frequencies are more affected by the rigidity variation. When the order of the frequency is increased the range of rigidity at which the frequency remains constant is also reduced. Thus, UJ X / LU 1U ~ 1 for 6 1 C [250 -50] and cv i / Lu iu for 6 1 C [250 -100], although the change is less significant. For example, for 6 1 = 1, UJ X / LU 1U = 0.8 and cv i / Lu iu = 0.9. Then, it can be concluded that higher order frequencies are more sensitive to damage of the welded rod but lower order frequencies show biggest decrease when welding fails.
From the results shown in Figure 4 , also the dynamic characteristics of the system as function of the different values of the parameters can be described. Thus, when the rigidity of the welded element is very small, the system behaves like two independent rod elements with a frequency close to the smaller frequency of a rod simply supported at one end and free at the other. This behavior is represented -in a schematic way-as a function of the parameter A for the first modes in Figure 5 .
The frequency parameter v, defined as v = LOJ(IL) / (GJ), is used. For the undamaged rod it
is named as v iu and for the damaged rod vf-. The first subscript means the mode order, the second the value of the parameter A and the superscript refers to the shorter "s" or larger "/" uniform rod element for the damaged rod when A ^± 1. When the rod is undamaged the frequency parameter has the values Tt, 2TT, 3TT... If the rod is welded at the middle point A = land the section is broken, both parts of the rod have the same frequencies and the values are TT, 3TT, 5TT... SO the first two frequency parameters of the undamaged rod TT and 2TT collapse to a single frequency parameter of the broken rod TT, the third and fourth frequency parameters collapse to the second frequency parameter of the broken rod 3TT, and so on.
If the rod is welded at A = 2 (welding section at 1/3 of the total length) and the welding is totally broken then, two sets of frequencies parameters are obtained one for each element. For the shorter one, the frequency parameter z/ 2 has the values 3TT/2, 9TT/2, 15TT/2 for the first three frequencies and for the larger part v\ 2 the values 3TT/4, 9TT/4, and 15TC/4. NOW, the undamaged frequencies move in the following way, v lu moves from TT to 3TT/4, V 2U from 2TT to 3TT/2, and z/ 34 from 3TT to 9TT/4, and so on.
Similar reasoning can be made to explain the evolution of the natural frequencies for the other locations of the welding, for example A = 3. In this way, it can be concluded that when one of the torsional rigidities is negligible and the other is such that the system prefers vibrating like two independent elements, the mode selected by the structure is the nearest one with smaller frequency of the cantilevered rod. Note that the relation between the frequencies v of the undamaged rod and the broken one (cantilevered) matches with the plots given in Figure 4 . Now, in Figure 6 the general damage of the welding is considered. For 6 1 = S 2 , both sides of the welding with equal rigidity, the first four natural frequencies divided by the natural frequency of the undamaged rod are presented as function of the parameter 6 1 for A = 1,2, 3 (welded section at 50%, 33% and 25% of the total length, respectively). In the figure it can be observed that the analysis of several frequencies has to be used to detect the damage of the welded section. When the welding is close to a node, there is a large concentration of stresses at the point and therefore the dynamic response is more sensitive to small changes in rigidity. This can be observed in the second and fourth frequencies for A = 1, and in the third frequency for A = 3. When damage on the welding is investigated, one is interested in detecting this damage as early as possible and, as Figure 6 suggests, the higher order of the frequency the more sensitive to decrease on rigidity. However, on real structures higher order frequencies can also be influenced by other parameters i.e., aging of the structure. Therefore, a careful analysis of all the frequencies should be made to asseverate the quality of the welding. In addition, note that there is a critical value of S l and 6 2 where the system prefers to respond as a single vibrating lumped mass when the smaller frequency of the cantilevered rod coincides with ^i + ^2) / s ' written in non-dimensional parameters.
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In this way, one can see that starting with high values of 6 1 and 6 2 the behavior of the model will be similar as the clamped-clamped rod (undamaged). Decreasing the stiffness of the rod will lead to a change of the natural frequencies, which will tend to the corresponding frequencies of the clamped-free (cantilever) rods, as shown in Figure 5 . Moreover, when the smaller frequency of the cantilever rods (corresponding to the longer structural element) is greater than Ji^ + 6 2 \ / s lower frequencies will be found, but these frequencies will be associated to the motion of the lumped mass. This behavior can be observed in Figure 6 when both sides are really damaged. These values of 6 i demonstrate the model's consistency. This result is very interesting, as it opens a further study: while at least one of the two sides of the bonds remains undamaged the lumped mass will vibrate attached to one of the structural element. If a frequency close to that of the cantilever rod is found, then one can asseverate that at least one of the two sides of the welding is highly damaged and the bond is very close to failure.
For damage detection the most important parameter is the change in frequency, independently to the damage occurring at one or both sides of the welding connection. When welding fails the natural frequencies of the system are those of the cantilever rod (slightly modified by the influence of the attached lumped mass). Therefore, no further results will be presented varying independently the two sides of the welding connection.
Next, the influence of the welding mass on the dynamic characteristics of the rod will be investigated. The mass parameter has been changed from a 0.1% of the total mass of the rod to a 1.5%. These values can be considered to cover the full possibilities of a welding connection. In Table 3 , for two different values of the welding location, the influence of the added mass parameter s is presented. On the table, the values of the nondimensional rigidities S t to keep the natural frequency parameter equal to the values of the undamaged rod are given. Note that the increase of the welding mass (with no variation of the welding length) yields to smaller values of the natural frequencies for a fixed value of the welding rigidities. For example, to recover the first natural frequency with A = 2 and I( s = 0.0125 , the rigidities should be modified up to a value of 725. So, a 25% increase from the value s = o.Ol in the welding mass leads to a 382% increase in both rigidities. Even more, there is a critical mass value when no rigidity is enough to recover the natural frequency of the undamaged rod. Some interesting cases can be observed in the table. For A = 2, in the mass interval of interest, no stiffness changes are needed to keep constant the frequency of the third mode. This effect can be explained in terms of the eigenmodes. The third mode presents a node where the welding is placed, so there is no displacement during the vibrations in this section and therefore, the mass does not affect. The same reasoning could be applied to the fourth frequency with A = 3. In addition, the effect of the strains/stresses concentration could be considered (via the derivative of the rotation). For A = 3, the second frequency seems to be, for small values of s, less affected than the others and negligible rigidities are needed. In this case, the welding is placed in a zero-strain section (maximum displacement) so the relative rotation of the mass respect to the nearer regions is negligible, therefore small values of rigidity are needed to keep the mass attached when it is small. In opposition, if the mass increases, this location yields to a bigger effect and then the critical mass value commented before appears more rapidly. Thus, in a vibration test to qualify the grade of a welded structure the added mass can mislead to a wrong result. If the mass is too large, the decrease of the natural frequencies can be due to the mass effect and not to a loss of rigidity. The added mass has never been included in previous models used to study this problem. In contrast to the crack case, which treats a similar problem with no lumped mass included, we demonstrate that the present model is justified since it yields to different frequency values depending on the damage distribution on each side. A deeper study on how the mass affects the welding performances should be done with experimental results in subsequent investigations. However, this is beyond the scope of this paper and will be undertaken elsewhere. Now, the parameters to modify are the nondimensional inertia properties s and r g , the position of the welded section A , the nondimensional translational rigidities 6 1 and 6 2 , and the nondimensional torsional rigidities 6 T1 and 6 T2 of the left and right-side springs, respectively. Note that, each side of the welding is affected by both translational and torsional rigidities and it has no physical sense to consider the isolated effect of one of them. Therefore, the study will be focused on damage either the right or the left-side on the welding bond via decreasing both rigidities. where L s is the welding length, and e the beam slenderness. Again, a welding material similar to the structural one is considered. From this analysis we could also infer the ratio between nondimensional translational and torsional stiffness's of each side given by 6 / 6 T ~ 10000. From now on, the relationship 6 i / 6 Tj = 10000 will be always used. Like for the rod in torsional vibration, we consider a welding length of a 1% of the total length and e = 10 to be consistent with the applicability of the Euler-Bernuilli beam theory. The mass parameters s = 0.01 and r e = 0.0001 will be kept constant like in the prior study. The effect of damaging one side of the welding section will be considered first. In Figure 7 the first four natural frequencies are given for different values of the right-side stiffness's with the variation of the left-side rigidities. In this figure it can be observed the following: for the case of A = 1, in contrast with the case of torsional vibration, now all the frequencies, odd and even, are reduced when decreasing rigidity and the reduction can be quite large (closer to 80% for the second frequency when rigidity is low). These results were also observed for a similar model but without lumped mass by Loya et al (2006) and Priyadarshini (2013) . Also, for the same frequencies (see LU 3 / W SU ) there are two transitions as function of the rigidity, one when the rigidity decrease to a value of 10 and a second one when the reduction is closer to a value of 10 . The evolution of the frequency in this case can serve as a measure of the grade of the structure. Now for the bending vibration case, it seems that the influence of the location of welding, values of A = 1,2,3 in Figure 7 , seems to be not as important as in the torsion case since now, for all the locations and frequencies, there is a reduction in frequency when rigidity is decreased. 37, 61.67, 120.90 and 199.86 . In addition, following a similar nomenclature we call ZA >' to the j-th frequency of the shorter (larger) cantilevered beam for a value of X = j. When the beam is undamaged the frequency parameter coincides with the double-clamped beam natural frequencies in each mode.
Considering the case of A = 1 with no welded connection, the frequency parameters for each side of the beam are identical to the cantilevered beam and takes the following values: 14.06, 88.13... given by the analytical solution of the problem. Similarly to the torsional vibrations of the rod, here we also find various frequency changes in some modes. Again, it depends on how many frequencies of the cantilevered beam are smaller than the natural frequency of the undamaged beam. The simplest case is considering a mode with only one frequency below where the system evolves from the undamaged natural frequency to this smaller frequency. In the general case, where several frequencies are below the natural frequency of the mode under consideration, the system evolves from the natural frequency of the undamaged beam to the nearest frequency of the cantilevered system and then, to the next one and so on until no other smaller frequency for the cantilevered beam exists. Then, reducing the stiffness's yields to the vibrations as a lumped mass attached to two springs. From the figure it is observed that the first frequency is the one that changes more rapidly for A = 1 and the second frequency for A = 2, 3. With a reduction of rigidity from 10 to 10 the frequency already changes to a value of 80% for the first frequency (referred to the frequency of the undamaged structure) and A = 1; and a similar reduction is observed for the second frequency when A = 2, 3. Thus, the method can serve as a good prediction method of damage detection when the reduction of stiffness is still very low. Finally, the effect of welding inertia is considered. The results are presented in Table 4 and it can be observed again that when the added mass is large (a 2% of the total beam mass) it is no longer possible to recover the dynamic properties of the undamaged beam for all cases (in fact it is only possible for the first frequency, with A = 2 ). The amount of added mass that limit the go back to the undamaged beam depends on the welded position, thus, for A = 3 the fourth frequency cannot be recovered for a value of added mass of 1%. This is a very interesting result for the evaluation of damage of welded structural elements since depending on the added mass, somehow it is needed the starting state of the welded structural element before it can be evaluated if the bond is damaged or not. Table 4 : Value of the nondimensional rigidities ^ to recover the i-th frequency of the first four natural modes with the variation of the nondimensional welding mass S and r^ .
We take r e = s / 100 and^ = 6 2 = 10000<S T1 = 10000^ .
CONCLUSIONS
A method for the evaluation of the dynamic properties of welded structural elements has been presented. The method can consider any real boundary condition of the element and applications to simpler boundary conditions have been presented.
For the simplest boundary conditions, the analytical approach can be used, leading to a nonlinear equation. However, even in these cases, the convergence of numerical methods is arduous. On the other hand, the FEM model can treat different boundary conditions and the eigenvalue method is accurate and fast.
The impact of the welding characteristics in the system response has been presented and discussed. The main conclusion that can be inferred is that soon when rigidity at either side of the welding is decreased the dynamic characteristics of the structural element change enough to be detected. Section 3 presents the most part of the results, where one can see the evolution of the first natural frequencies for different values of the welding stiffness. In fact, this change of the natural frequencies allows to determine the damage of the welding bond. It might be interesting to quantify this damage experimentally to fully validate the proposed method in this work.
The model that we have presented includes the added mass due to the welding process. It has been shown that there exist values of the mass for which the dynamic properties of the undamaged structural element cannot be recovered. This is a very interesting result since if the method of vibration test is used to detect the damage of a welded element, a reduction of the natural frequencies could already exist from the moment when the element was repaired, due to the added mass. Thus, the dynamic properties of the welded element should be the base to compare with and not the dynamic properties of the undamaged structural element.
Another conclusion that can be drawn from the results presented is that, in general, several frequencies should be considered when evaluating if a welded structural element is damaged. Depending on the welding location the first frequency may not be affected by the loss of rigidity at the bond connection. This result is in contrast to other investigations that used a vibration based method to determine the damage of a beam due to cracks and considered only the change of the first natural frequency.
